Abstract. This paper is devoted to semi-classical aspects of symplectic reduction. Consider a compact prequantizable Kähler manifold M with a Hamiltonian torus action. In the seminal paper [13] , Guillemin and Sternberg introduced an isomorphism between the invariant part of the quantum space associated to M and the quantum space associated to the symplectic quotient of M , provided this quotient is non-singular. We prove that this isomorphism is a Fourier integral operator and that the Toeplitz operators of M descend to Toeplitz operators of the reduced phase space. We also extend these results to the case where the symplectic quotient is an orbifold and estimate the spectral density of a reduced Toeplitz operator, a result related to the Riemann-Roch-Kawasaki theorem.
Introduction
Consider a symplectic manifold (M, ω) with a Hamiltonian action of a d-dimensional torus T d . Let µ be a momentum map. Following Marsden-Weinstein [18] , if λ is a regular value of µ, the reduced space
is naturally endowed with a symplectic form ω r . The quantum analogue of this reduction has been the subject of important studies, starting from the paper [13] of Guillemin and Sternberg, and has led to many versions of the "quantization commutes with reduction" theorem. In most of these articles, the quantization is defined as a Riemann-Roch number or the index of a spin-c Dirac operator which represents the dimension of a virtual quantum space, cf. the review article [23] .
The relationships between deformation quantization and symplectic reduction have also been considered [26] , [11] .
This paper is devoted to the quantum aspects of symplectic reduction in the semi-classical setting. Here the quantization consists of a Hilbert space with a semi-classical algebra of operators. More precisely, we assume that M is compact, Kähler and endowed with a prequantization bundle L → M , i.e. a Hermitian line bundle with a connection of curvature −iω. For every positive integer k, let us define the quantum space H k as the space of holomorphic sections of L k . The semi-classical limit is k → ∞ and the operators we will consider are the Toeplitz operators, introduced by Berezin in [2] . The application of microlocal techniques in this context started with Boutet de Monvel and Guillemin [4] . This point of view made it possible to extend many results known for the pseudodifferential operators with small parameter to the Toeplitz operators, as for instance, the trace formula [3] and the Bohr-Sommerfeld conditions [7] .
Assume that the torus action preserves the complex structure of M . Then following Kostant and Souriau we can associate to the components (µ 1 , ..., µ d ) of the moment map µ some commuting operators M 1 , ..., M d : H k → H k . Suppose that λ = (λ 1 , ..., λ d ) is a joint eigenvalue of these operators when k = 1 and that the torus action on µ −1 (λ) is free. The following theorem is a slight reformulation of the main result of Guillemin and Sternberg. Theorem 1.1 ( [13] ). M r inherits a natural Kähler structure and a prequantization bundle L r , which defines quantum spaces H r,k . Furthermore, for any k, there exists a natural vector space isomorphism V k from
The various quantum spaces have natural scalar products induced by the Hermitian structure of the prequantization bundles and the Liouville measures, but unfortunately the isomorphism V k is not necessarily unitary. So we will use (U k T k U * k : H r,k → H r,k ) k is a Toeplitz operator of M r . Furthermore, f is T d -invariant and the principal symbol f r of (U k T k U * k ) is such that p * f r = j * f , where p and j are respectively the projection µ −1 (λ) → M r and the embedding µ −1 (λ) → M .
When the torus action on µ −1 (λ) is not free but locally free, the reduced space M r is not a manifold, but an orbifold. These spaces with finite quotient singularities were first introduced by Satake in [22] . Many results or notions of differential geometry have been generalized to orbifolds: index theorem [17] , fundamental group [24] , string theory [21] . Not surprisingly, theorems 1.1 and 1.2 are still valid in this case. Motivated by this, we prove the basic properties of the Toeplitz operators on the orbifold M r : description of their Schwartz kernel and the symbolic calculus. Our second main result is the estimate of the spectral density of a Toeplitz operator on the orbifold M r . This simple result in the manifold case involves here oscillatory contribution of the inertia orbifolds or twisted sectors associated to M r and is related to the Kawasaki-Riemann-Roch theorem [17] , cf. theorems 2.3 and 6.9 for precise statements.
With a view towards application, we also consider the simple case where M is C n with a linear circle action whose momentum map is a proper harmonic oscillator. The quantum data associated with C n are defined by the Bargmann representation and the reduced space is a twisted projective space. Actually, this is nearly a particular case of the previous setting, except that C n is not compact. As a corollary of theorem 1.2, the spectral analysis of an operator commuting with the quantum harmonic oscillator is reduced to that of a Toeplitz operator on a projective space. In collaboration with San Vu Ngoc, we plan to apply this to the semi-excited spectrum of a Schrödinger operator with a non-degenerate potential well.
We also prove that the isomorphism V k of theorem 1.1 and its unitarization U k are Fourier integral operators. Thus we can interpret theorem 1.2 as a composition of Fourier integral operators with underlying compositions of canonical relations. Actually our proof of theorem 1.2 is elementary in the sense that it relies on the geometric properties of the isomorphism V k and doesn't use the usual tools of microlocal analysis. But with the more general point of view of Fourier integral operators, we hope that we can extend the "quantization commutes with reduction" theorems by using microlocal techniques. For instance, theorems 1.1 and 1.2 should hold with general Toeplitz operators M i whose joint principal symbol define a momentum map without assuming that the action preserves the complex structure. Also the Kähler structure is certainly not necessary. This microlocal approach is also related to another paper of Guillemin and Sternberg [14] (cf. sections 4.3 and 5.3 for a comparison with our results).
The organization of the paper is as follows. Section 2 contains detailed statements of our main results for the harmonic oscillator on C n . In section 3, we introduce our set-up in the compact Kähler case and recall the results of [13] proving that the reduced quantum space is isomorphic to the joint eigenspace. Section 4 contains the statements and proofs of our main results for the reduction of Toeplitz operators. In section 5, we interpret these results as compositions of Fourier integral operators. Sections 6 and 7 are devoted to the Toeplitz operators on Kähler orbifolds.
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Statement of the results for the harmonic oscillator
Assume C n is endowed with the usual symplectic 2-form ω = i(dz 1 ∧ dz 1 + ... + dz n ∧ dz n ). Let H be the harmonic oscillator 
where Ψ, Ψ ′ are functions on C n and |z| 2 = |z 1 | 2 + ... + |z n | 2 . The Bargmann space H is the Hilbert space of holomorphic functions Ψ on C n such that (Ψ, Ψ) C n < ∞. The quantum harmonic oscillator is the unbounded operator of H H := (p 1 z 1 ∂ z1 + ... + p n z n ∂ zn ) (2) with domain the space of polynomials on C n .
Symplectic reduction. The Hamiltonian flow of H induces an action of S
1 on the level set P := {H = 1} S 1 × P → P, θ, z → l θ .z = (z 1 e iθp1 , ..., z n e iθpn ) if z = (z 1 , ..., z n ).
Define the reduced space M r as the quotient P/S 1 . If p 1 = ... = p n = 1, the action is free, M r is a manifold and the projection P → M r is the Hopf fibration. When the p i are not all equal to 1, the action is not free, but locally free. Hence M r is not a manifold, but an orbifold. In any cases, M r is naturally endowed with a symplectic 2-form ω r .
We may also define a complex structure on the space M r by viewing it as a complex quotient. Consider the holomorphic action of C * C * × C n → C n , u, (z 1 , ..., z n ) → (z 1 u p1 , ..., z n u pn )
Each C * -orbit of C n − {0} intersects P in a S 1 -orbit, which identifies M r with C n − {0}/C * . This quotient is called a twisted projective space, the standard projective space is obtained when p 1 = ... = p n = 1. The complex structure is compatible with the symplectic form ω r . So M r is a Kähler orbifold.
Quantum
Reduction. H has a discrete spectrum given by
Hence 1 is an eigenvalue only if is of the form 1/k with k a positive integer. Since we will only consider the eigenvalue 1, we assume from now on that = 1/k with k ∈ N * and use the large parameter k instead of the small parameter . We denote by H k and H k the Bargmann space and the quantum harmonic oscillator. The vector space H 1,k := Ker(H k −1) is generated by the monomials z α such that p 1 α(1) + ... + p n α(n) = k. So a state Ψ ∈ H k belongs to H 1,k if and only if it is invariant in the sense that
Hence there is a holomorphic line orbi-bundle L r → M r such that H 1,k identifies with the space H r,k of holomorphic sections of L k r . L r has a natural Hermitian structure and connection of curvature −iω r , which turns it into a prequantization orbi-bundle (cf. section 3). We denote by V k the isomorphism from H 1,k to H r,k 2.3. Reduction of the operators. On the Bargmann space a usual way to define operators is the Wick or Toeplitz quantization. Denote by
More generally, we consider multiplicators f which depend on k. Define the class S(C n ) of symbols f (., k) which are sequences of C ∞ (C n ) satisfying
• there exists C > 0 and N such that |f (z, k)| C(1 + |z|) N , ∀z ∈ C n , ∀k. • f (., k) admits an asymptotic expansion of the form
For such a symbol, we consider Op(f (., k)) as an unbounded operator of H k with domain polynomials on C n . Its principal symbol is the function f 0 . If f (., k) is invariant with respect to the Hamiltonian flow of H, then Op(f (., k)) sends H 1,k into itself.
Remark 2.1. The class of Toeplitz operators with symbol in S(C n ) contains the algebra of differential operators generated by
. Its principal symbol is P 0 . If the P i are linear combinations of the monomialsz α z β such that p, α − β = 0, then f (., k) Poisson commutes with H and Op(f (., k)) preserves the eigenspaces of the quantum harmonic oscillator.
k , that we extend to H k in such a way that it vanishes on the orthogonal space to H 1,k . The reduced operator of Op(f (., k)) is the operator Theorem 2.2. Let f (., k) be a symbol of S(C n ). Then there exists a sequence g(., k) of C ∞ (M r ), which admits an asymptotic expansion of the form
where Π r,k is the orthogonal projector onto H r,k and the O(k −∞ ) is for the uniform norm. Furthermore, the principal symbol g 0 of the reduced operator is given by
where p is the projection P → M r and f 0 is the principal symbol of Op(f (., k)).
Spectral density. Consider a self-adjoint Toeplitz operator (T
where g(., k) is a a sequence of C ∞ (M r , R) with an asymptotic expansion of the form
is a standard semiclassical result when M r is a manifold. In the orbifold case, this result involves the singular locus of M r . Denote by G the set of ζ = e iθ such that
is not empty. A straightforward computation leads to G = {ζ ∈ C * ; ζ pi = 1 for some i} and
The Hamiltonian flow of H preserves P ζ . Let M ζ be the quotient of P ζ by the induced S 1 -action. It is a twisted projective space which embeds into M r as a symplectic suborbifold. Denote by n(ζ) its complex dimension. Finally, let m(ζ) be the greatest common divisor of {p i ; ζ pi = 1}.
The leading coefficients are given by
where δ M ζ is the Liouville measure of M ζ .
Observe that M 1 = M r . The other M ζ are of positive codimension and are the closures of the singular stratas of M r . Hence at first order, the formula is the same as in the manifold case
Furthermore applying this result with f ≡ 1, we obtain an estimate of the dimension of H k . When k is sufficiently large, this dimension is also given by the RiemannRoch-Kawasaki theorem and both results are in agreement (cf. remark 6.11).
The Guillemin-Sternberg isomorphism
Let M be a compact connected Kähler manifold. Denote by ω ∈ Ω 2 (M, R) the fundamental two-form. Assume that M is endowed with a prequantization bundle L → M , that is L is a Hermitian line bundle with a connection of curvature −iω. (M, ω) is a symplectic manifold and represents the classical phase space. For every positive integer k define the quantum space H k as the space of holomorphic sections of
Assume that M is endowed with an effective Hamiltonian torus action
which preserves the complex structure. Let t d be the Lie algebra of T d . If ξ ∈ t d , we denote by ξ # the associated vector field of M . Let
Following Kostant and Souriau, for every ξ ∈ t d and every positive integer k we define the operator M ξ,k :
It has to be considered as the quantization of the classical observable µ, ξ ∈ C ∞ (M ). Since the Poisson bracket of µ, ξ and µ, ξ ′ vanishes, one proves that M ξ,k commutes with M ξ ′ ,k . The joint spectrum of the M ξ,k is the set of covectors
is not reduced to (0).
The joint eigenvalues are related to the values of µ in the following way. First, recall the convexity theorem of Atiyah [1] and Guillemin-Sternberg [12] : the image under µ of the fixed point set of M is a finite set {ν 1 , ..., ν s } and µ(M ) is the convex hull of this set. Theorem 3.1. Let ν be a value of µ at some fixed point. Let (λ, k) ∈ t * d × N * . Then λ belongs to the joint spectrum of the M ξ,k only if
where K is the integer lattice of t * d .
The condition (5) doesn't depend on the choice of ν: since (M, ω) is endowed with a prequantization bundle, it is known that for every i, j
That λ ∈ µ(M ) is necessary has been proved by Guillemin and Sternberg (cf. theorem 5.3 of [13] ). The second condition, λ ∈ ν + 2πk −1 K, is an exact Bohr-Sommerfeld condition, which follows from the theory of Kostant and Souriau.
Example 3.2. Let M be the projective space CP 3 with ω the Fubiny-Study form
and L the tautological bundle. Consider the torus action
with momentum map µ = 2π
. The points on the figure are the λ satisfying condition (5) with k = 4 on the left and k = 2 on the right. The lines are the critical values of µ.
Assume that (λ, k) satisfies condition (5) and that λ is a regular value of µ. Denote by P the level set µ −1 (λ). It is known that P is connected ( [12] , [1] ). The torus action restricts to a locally free action on P . So the quotient M r of P is a compact connected orbifold. It is naturally endowed with a symplectic form ω r . Theorem 3.3 (Guillemin-Sternberg [13] ). M r inherits by reduction a Kähler structure with fundamental 2-form ω r and a prequantization orbi-bundle L k r → M r with curvature −ikω r . Furthermore, there exists a natural isomorphism of vector space
where H r,k is the space of holomorphic sections of L If M r is a manifold, it follows from Kodaira vanishing theorem and Riemann-Roch theorem that
as k goes to infinity, where Vol(M r ) is the symplectic volume of M r and n r its dimension. This gives a partial converse to theorem 3.1: if k is a sufficiently large positive multiple of κ, the eigenspace H λ,k is not reduced to (0), so λ belongs to the joint spectrum of the M ξ,k .
If M r is an orbifold, the same result holds and follows from Riemann-RochKawasaki theorem [17] . Indeed, we assumed that the torus action is effective. This implies that its restriction to P is also effective. So M r is a reduced orbifold or equivalently its principal stratum has multiplicity one. This explains why formula (7) remains unchanged, without a sum of oscillatory terms.
All the semi-classical results we prove in this paper are in this regime, λ is fixed and k → ∞ running through the set of positive multiples of κ.
In the remainder of this section, we recall the main steps of the proof of the Guillemin-Sternberg theorem. We follow the presentation given by Duistermaat in [9] , that is we consider separately the reduction of the symplectic and prequantum data and the reduction of the complex structure. We explain in remarks how the same constructions apply to the harmonic oscillator. (harmonic oscillator). The Bargmann space can be viewed as a space of holomorphic sections of a prequantization bundle over C n . Let L := C n × C be the trivial bundle over C n . We identify the sections of L k with the functions on C n . Introduce a connection and a Hermitian structure on L k by setting
In this way L k becomes a prequantization bundle with curvature −ikω. The scalar product defined in (1) is
So the Bargmann space H k is the Hilbert space of holomorphic sections Ψ of L k such that (Ψ, Ψ) C n is finite. Furthermore it is easily checked that the quantum harmonic oscillator H k defined in (2) is given by
ik ∇ XH )Ψ where X H is the Hamiltonian vector field of H.
3.1.
Reduction of the symplectic and prequantum data. We first lift the torus action (4) . If z ∈ L k x and ξ ∈ t d , we denote by T ξ .z the parallel transport of z along the path
If ν is the value of µ at some fixed point and ξ belong to the integer lattice of t d ,
Indeed, this is obviously true if z ∈ L k x where x is a fixed point and µ(x) = ν. By proposition 15.3 of [10] , the result follows for every z.
Consider now (λ, k) ∈ t * d × N * which satisfies condition (5) . Then the action of
with ξ ∈ t d such that exp ξ = θ. One can check the following facts: for every θ, L θ is an automorphism of the prequantization bundle L k , it preserves the complex structure. Furthermore, the obtained representation of T d on H k induces the representation of the Lie algebra t d given by the operators
Hence the joint eigenspace H λ,k is the space of invariant holomorphic sections
Denote by j : P → M and p : P → M r the natural embedding and projection. Recall that the reduced symplectic 2-form ω r is defined by p * ω r = j * ω. Let L k r be the quotient of j * L k by the torus action. This is an Hermitian orbi-bundle over M r and p
Its curvature is −ikω r . So L k r is a prequantization orbi-bundle. Since the sections of H λ,k are invariant, their restrictions to P descend to M r ,
This is the first definition of the Guillemin-Sternberg isomorphism. In the case the action is not free and M r is an orbifold, more details will be given in remark 3.8.
Remark 3.5. (harmonic oscillator). As in section 2, we only consider the eigenvalue λ = 1. The lift of the S 1 -action is explicitly given by
.
If Ψ is such a section, one can check by direct computations that (Ψ, Ψ) and ∇Ψ are invariant and that ∇ XH Ψ vanishes over the level set
inherits a structure of prequantization bundle with curvature −ikω r .
Since the torus action preserves the complex structure of M , it can be extended in a unique way to a holomorphic action of
To do this, for every ξ ∈ t d , we define the infinitesimal generator of iξ as Jξ # , where J is the complex structure of M . Since M is compact, we can integrate Jξ # . Then one can check that this defines a holomorphic action.
In a similar way, the action on L k extends to a holomorphic action
where L θ+it is an automorphism of complex bundle which lifts l θ+it . This gives a representation of T 
Furthermore H λ,k is the space of T 
The invariant sections of H k are obviously the sections of H 1,k
It is an open set of M . The next step is to consider the quotient of P C by T d C . This have to be done carefully because the T d C -action on P C is not proper. Actually, the map
Viewed as a quotient by a holomorphic action, the orbifold M r inherits a complex structure. This complex structure is compatible with ω r .
Similarly, the bundle L k r may be considered as the quotient of L k | P C by the complex action and inherits a holomorphic structure. This is the unique holomorphic structure compatible with the connection and the Hermitian product. Denote by p C the projection P C → M r and observe that p * C L k r is naturally isomorphic with
The interest of viewing L k r and M r as complex quotients is that there is a natural identification of the T Definition 3.7. V k : H λ,k → H r,k is the map which sends Ψ into the section Ψ r such that
The rescaling by (2π/k) d 4 is such that V k and its inverse are bounded independently of k (cf. proposition 4.22).
Remark 3.8. (Orbifold). Let us detail the previous constructions when the T daction is not free. For the basic definitions of the theory of orbifolds, our references are the section 14.1 of [10] and the appendix of [8] .
As topological spaces, M r and L k r are the quotients
M r is naturally endowed with a collection of orbifold charts in the following way. Let x ∈ P , G ⊂ T d be its isotropy subgroup and U ⊂ P be a slice at x for the T d -action. Denote by π U the projection U → M r and by |U | ⊂ M r its image. Then (|U |, U, G, π U ) is an orbifold chart of M r , i.e. |U | is an open set of M r , U a manifold, G a finite group which acts on U by diffeomorphisms and π U factors through a homeomorphism U/G → |U |. These charts cover M r and satisfy some compatibility conditions, which defines the orbifold structure of M r .
For every such chart, the bundle (8) is well-defined. Continuing in this way, we can introduce the Kähler structure of M r , the Hermitian and holomorphic structures of L k r , its connection and verify that we obtain a well-defined map V k as in definition 3.7.
It is also useful to consider P and P C as orbifolds and the projections p : P → M r and p C : P C → M r as orbifold maps. For instance, let (|U |, U, G, π U ) be a chart defined as above. Let
Now, instead of viewing U as a submanifold of P , we consider it as the quotient of V by T d C . To define the various structure on U , we can lift everything from |V | to V and we perform the reduction from V to U . Since the T d C -action on V is free, we are reduced to the manifold case. Furthermore since V → |V | is a G-principal bundle and V → U is G-equivariant, we obtain G-invariant structures. We can apply the same method with the map p : P → M r .
Remark 3.9. (proof of theorem 3.3). Since P C is open, V k is injective. That V k is surjective is more difficult to prove. It consists to show that every invariant holomorphic section of L k → P C extends to an invariant holomorphic section over M . Let us precise that the proof of Guillemin and Sternberg extends to the orbifold case without modification. The only technical point is to show that there exists a non-vanishing section in H λ,k , when k is sufficiently large (theorem 5.6 of [13] ). This will be proved in section 7.2, cf. remark 7.5. lifts to a holomorphic section Ψ of L k over C n − {0} satisfying
Since it is bounded on a neighborhood of the origin, it extends on C n . Writing its Taylor expansion at the origin, we deduce from (12) that Ψ is polynomial and belongs to H 1,k .
Reduction of Toeplitz operators
where (Ψ, Ψ ′ ) is the punctual scalar product and δ M is the Liouville measure
for the C ∞ topology.
A Toeplitz operator is a family (T k ) k of the form
The following result is a consequence of the works of Boutet de Monvel and Guillemin [4] (cf. [6] ).
Theorem 4.1. The set T of Toeplitz operators is a * -algebra. The contravariant symbol map
is well-defined, onto and its kernel consists of the Toeplitz operators whose uniform norm is O(k −∞ ). Furthermore, the product * c induced on
The principal symbol of a Toeplitz operator is the first coefficient f 0 of its contravariant symbol. The operators M ξ,k are Toeplitz operators with principal symbol µ, ξ .
We use the same definitions and notations over M r . Recall that λ is fixed and k runs over the positive multiples of κ. So a Toeplitz operator of T r is a family
We denote by Π r,k the orthogonal projector onto H r,k and by * cr the product of the contravariant symbols of (harmonic oscillator) To avoid a discussion about the infinity of C n , we do not define the full algebra of Toeplitz operators on C n and do not state any result similar to theorem 4.1. We only consider the Toeplitz operators of the form
where Π λ,k is the orthogonal projector onto H λ,k . The main result of the section is the following theorem and the corresponding theorem 2.2 for the harmonic oscillator. 
is a Toeplitz operator of M r . Its principal symbol is the function g ∈ C ∞ (M r ) such that
In the following subsection we introduce the λ-Toeplitz operators. These are the operators of the form
In the next subsections, we prove some estimates for the sections of H λ,k and introduce an integration map. Then we prove that the space of λ-Toeplitz operators is isomorphic to the space of Toeplitz operators of M r , a stronger result than theorem 4.4.
Our proof uses the properties of the Toeplitz operators of M r stated in theorem 4.1. So, in the case the T d -action is not free, the proof will be complete only in section 6 with the proof of theorem 4.1 for orbifolds.
For the following, we introduce the inverse W k : H r,k → H λ,k of V k . We consider that V k and W k act not only on H λ,k and H r,k respectively, but on the space of L 2 sections in such a way that they vanish on the orthogonal of H λ,k and H r,k respectively. So
and with the convention 0
Furthermore we say that a function or a section is invariant if it is invariant with respect to the action of T d .
4.3.
The λ-Toeplitz operators. We begin with a useful formula for the orthogo-
given by the well known formula
. (15) where δ T d is the Haar measure. Since P λ,k sends H k in H k , we have
Let T λ be the set of λ-Toeplitz operators
This first result follows from theorem 4.1 about Toeplitz operators.
Theorem 4.5. T λ is a * -algebra. Furthermore if T k is a Toeplitz operator with contravariant symbol l f l , then
where
So the λ-Toeplitz operators can also be defined as the operators of the form
A similar algebra was introduced by Guillemin and Sternberg [14] in the context of pseudodifferential operators. Their main theorem was that there exists an associated symbolic calculus, where the symbols are defined on the reduced space M r . Let us state the corresponding result in our context.
, which associates to a λ-Toeplitz operator of the form (18) with an invariant multiplicator f (., k), the function
is well-defined. Furthermore the following sequence is exact
This theorem doesn't follow from theorem 4.1. Actually it is a corollary of theorem 4.25, which says that the algebra of λ-Toeplitz operators and the algebra of Toeplitz operators of M r are isomorphic (cf. remark 4.27).
Proof of theorem 4.5. First let us prove the second point. Let
Then using (15), we obtain
Consequently,
which gives the result. To prove that T λ is a * -algebra, the only difficulty is to check that the product of two λ-Toeplitz operators is a λ-Toeplitz operator. Let f 1 (., k) and f 2 (., k) be invariant symbols of S(M ). We have to show that
Toeplitz operator since it is the product of two Toeplitz operators.
Remark 4.7. (harmonic oscillator) We define the λ-Toeplitz operators as the operators of the form
. Then theorems 4.5 and 4.6 remain true. The proof that the multiplicator f (., k) can be chosen invariant is the same. The fact that these operators form an algebra and the definition and properties of the principal symbol are consequences of theorem 4.25.
4.4.
Norm of the invariant states. In this section, we estimate the norm of the eigensections of H λ,k . We begin with the estimation over P C . Using the diffeomorphism (10), we identify P C with t d × P . Let ξ i be a basis of t d and denote by t i the associated linear coordinates.
where ϕ is the C ∞ function on t d × P solution of the equations
and µ i := µ, ξ i , λ i := λ, ξ i are the components of µ and λ.
Proof. By equation (9), iξ ∈ it d acts on the sections of L k by
which leads to (20) and shows the proposition.
On the complementary set P c C of P C in M , the situation is simpler.
Proof. This is also a consequence of equations (20) (cf. theorem 5.4 of [13] ).
The previous propositions were shown by Guillemin and Sternberg in [13] . Furthermore they noticed the following important fact.
. The result follows from proposition 4.8.
Then for every y ∈ P , the function ϕ(., y) is strictly convex. It admits a global minimum at t = 0 and this minimum is ϕ(0, y) = 0. We obtain the following proposition.
Theorem 4.11. Let ǫ > 0, P ǫ be the subset of P C P ǫ := {(t, y) ∈ P C ; |t| < ǫ} and P c ǫ its complementary subset in M . There exists some positive constants C(ǫ), C, C ′ such that for every k and every Ψ ∈ H λ,k ,
12. This result shows that the eigenstates of H λ,k are concentrated on P . Actually, since the T ξ,k are Toeplitz operators with principal symbol µ, ξ , we could directly deduce from general properties of these operators [7] a weaker version where Ck n e −kC(ǫ) is replaced by C N (ǫ)k −N with N arbitrary large.
Proof. Let C(ǫ) be the minimum value of ϕ over the compact set {(t, y) ∈ P C ; |t| = ǫ}.
Since ϕ(., y) is strictly convex with a global vanishing minimum at t = 0, C(ǫ) is positive and
On the other hand, using coherent states as in section 5 of [6] , we prove that there exists a constant C such that for every k and Ψ ∈ H k ,
If Ψ belongs to H λ,k , then it is T d C -invariant and so it satisfies equation (19) . Furthermore it vanishes over the complementary set of P C . This implies the first part of the result. By integrating, we get the second part with C ′ = C Vol(P ǫ ).
Remark 4.13. (harmonic oscillator) We have to adapt theorem 4.11 since C n is not compact. The imaginary part of the complex action is given by
From this we obtain the following lemma.
Lemma 4.14. Let g(., k) be a sequence of functions on C n . Assume that there exists C and N such that
Let ǫ > 0, P ǫ be the subset {l it .z; |t| < ǫ and z ∈ P } of P C and P c ǫ its complementary subset in C n . There exists some positive constants C(ǫ), C ′ such that for every k and every Ψ ∈ H 1,k ,
Proof. Let Ψ belongs to H 1,k . First, as in the compact case, there exists C 1 such that
Let w = l it .z with z ∈ P . It follows from (21) that
Using that |z| 2 1, we obtain
On the other hand, assume that t < 0. There exists C 2 > 0 such that |z| 2 C 2 for every z ∈ P . So |w|
if |w| is sufficiently large.
Hence there exists t − < 0 such that
This last equation and (22) lead to the result if ǫ max(1, −t − ). For the smaller values of ǫ, we complete the proof as in theorem 4.11 since we are reduced to a compact subset of P C .
4.5. The integration map. Recall that δ M and δ Mr are the Liouville measures of M and M r respectively and p C denote the projection P C → M r .
be the map given by
where ϕ is defined in proposition 4.8. Equivalently, I k (f ) δ Mr is the push-forward of (k/2π)
Remark 4.15. (Orbifold). If M r is an orbifold, the push-forward by p C of a density ν of P C with compact support is defined as in the manifold case in such a way that:
Applying this in orbifold charts of P C and M r , we recover the usual definition. With the same notations as in remark 3.8, assume that g has a compact support in |U |.
Denote by g U , (p C * ν) U the local lifts in U of g and p C * ν. Then by definition of an integral in an orbifold,
So it follows from (11) that (p C * ν) U is the push-forward of π * V ν by the projection V → U . One can check that the (p C * ν) U agree on overlaps and define a global section p C * ν. We introduced the map I k because it satisfies the following property.
Proof. Let us prove (23) . Since the support of f is a subset of P C ,
So equation (19) can be rewritten as
Hence,
which proves the result.
For the following, we need to control the asymptotic behavior of I k (f ) as k tends to infinity when f depends also on k. First observe that there is no restriction to consider only invariant functions of
Denote by S o (P C ) the set of sequences (f (., k)) k of C ∞ T d (P C ) such that there exists a compact set K ⊂ P C which contains the support of f (., k) for every k and f (., k) admits an asymptotic expansion for the C ∞ topology of the form
Let
where g 0 and f 0 are such that
This proposition admits the following converse.
Proof of corollary 4.19. Let r be a non negative invariant function of C
From the previous proposition, I k (r) is a symbol of M r and the first coefficient of its asymptotic expansion doesn't vanish. So I −1 k (r) is also a symbol of M r . Consequently f (., k) belongs to S o (P C ). Furthermore, we have g(., k) = I k (f (., k)).
Proof of proposition 4.18. We integrate first over the fibers of t d × P → P . Let us compute the Liouville measure δ M . We denote by t 1 , ..., t d the linear coordinates of t d associated to ξ 1 , ..., ξ d . Lemma 4.20. There exists an invariant measure δ P on P and a function δ ∈ C ∞ (t d × P ) such that
Proof. Let us write over
where β ∈ Ω 2 (P ), β i ∈ Ω 1 (P ) and a ij ∈ C ∞ (P ). Since this decomposition is unique, these forms are all invariant. Let us set
Since the ξ i are a basis of the integer lattice, we obtain p * δ P = δ Mr . In the case M r is an orbifold, this can be proved using local charts of M r and P as in remark 4.15.
It is invariant and p * I k (f ) = J k (f ). So we just have to estimate J k (f )(y) which can be done with the stationary phase lemma. Recall that we computed in lemma 4.10 the second derivatives of ϕ. The result follows.
Remark 4.21. The proof actually gives more about the map
Since F enters in the computation of the contravariant symbol of the reduced operator, let us give its properties. First it is
The operators F l are of the following form
where the functions a l,α are polynomials in the derivatives of µ i = µ, ξ i and ∆µ i with respect to the gradient vector fields of the µ j .
Indeed by proposition 4.8 the derivatives of ϕ can be computed in terms of the derivatives of µ i . Furthermore it is easily proved that (Jξ 
Proof. By corollary 4.19, there exists
Since f (., k) is a symbol, there exists C 1 such that f (., k) C 1 over M for every
which proves that the uniform norms of V k and V * k are smaller than C 1 2
1 . Since f 0 is positive on P , there exists a neighborhood P ǫ of P defined as in theorem 4.11 and a constant C 2 > 0, such that
over P ǫ when k is sufficiently large. So Let us now give the relations between the λ-Toeplitz operators and the Toeplitz operators of M r .
where the map F is defined in (24) .
Let P ǫ be a neighborhood of P defined as in theorem 4.11. Let r be an invariant function of
The second term on the right side is O(k −∞ ). Indeed by proposition 4.22, it suffices to prove that Π λ,k
where C doesn't depend of k. Theorem 4.11 leads to the conclusion. Now rf (., k) is a symbol of S o (P C ). So by proposition 4.18, g(., k) := I k (rf (., k)) is a symbol of S(M r ). By proposition 4.17, 
. Let us state our main result. 
is an isomorphism of * -algebra. Furthermore, if
where e = F (1) and e Again, in the proof we use some basic properties of the Toeplitz operators of M r , which are known in the manifold case and will be extended to the orbifold case in section 6.
Proof. It is easily checked that
By theorem 4.24, W * k W k is a Toeplitz operator of M r with a positive principal symbol. It follows from the functional calculus for Toeplitz operator (cf. [6] 
2 is a Toeplitz operator also. Now W * k T k W k is a Toeplitz operator by theorem 4.24. Since the Toeplitz operators of M r form an algebra, U k T k U * k is a Toeplitz operator. The computation of its covariant symbol is also a consequence of (25) . Indeed by theorem 4.24, the symbol of W * k T k W k and W * k W k are F ( l f l ) and e respectively.
Conversely, if S k is a Toeplitz operator of M r , then
And in a similar way, we deduce from theorem 4.24 that U * k S k U k is a λ-Toeplitz operator.
Remark 4.26. (symbolic calculus).
Recall that we computed the operator F at the end of section 4.5. Furthermore the star-product * cr can be computed in terms of the Kähler metric of M r (cf. [6] ). This leads to the computation of the contravariant symbol of the reduced operator U k T k U * k in terms of the multiplicator k −l f l defining the λ-Toeplitz operator T k . In particular, the principal symbol 
So when the function det[g(ξ
is not constant over P , W k is not unitary when k is sufficiently large. This happens for instance in the case of the harmonic oscillator when the reduced space is not a manifold.
Remark 4.30. From a semi-classical point of view, the operator U k is not unique. Indeed we can replace it with any operator of the form
with S k a unitary λ-Toeplitz operator and T k a unitary Toeplitz operator of M r . We can state a theorem similar to theorem 4.25 with this operator. The only changes are in the symbolic calculus.
Fourier integral operators
In this section, we prove that the λ-Toeplitz operators, the Guillemin-Sternberg isomorphism and its unitarization are Fourier integral operators in the sense of [7] . Using this we can interpret the relations between these operators and the Toeplitz operators as compositions of Fourier integral operators corresponding to compositions of canonical relations.
We assume that the reduced space M r is a manifold. A part of the material will be adapted to orbifolds in section 7.
5.1. Definitions. We first recall some definitions of [7] . Let M 1 and M 2 be compact Kähler manifolds endowed with prequantization bundles L 
where δ M2 is the Liouville measure of M 2 . All the operators we consider in this section are of this form. A sequence (f (., k) ) of functions on a manifold X is O ∞ (k −∞ ) if for every compact set K, every N 0, every vector fields Y 1 ,...,Y N on X and every l, there exists C such that
Smoothing operators.
Let L X → X be a Hermitian line bundle. Let (Ψ k ) be a sequence such that for
We say that an operator (T k ) is smoothing if the sequence ( 
By definition T k is a Fourier integral operator associated to (Γ, t κ Γ ) with total symbol l g l if on every compact set
Furthermore on a neighborhood U of Γ, The principal symbol of T k ∈ F(Γ, t κ Γ ) is the first coefficient g 0 ∈ C ∞ (Γ) of the total symbol. If it doesn't vanish, T k is said elliptic. In [7] , we proved the basic results regarding the composition properties of this type of Fourier integral operators. By identifying ∆ r with M r , we consider the total symbols of these operators as formal series of
. Our main result in [6] was the following theorem.
Theorem 5.3. Every Toeplitz operator (T k ) of M r is a Fourier integral operator associated to (∆ r , t κ ∆r ) and conversely. Furthermore, there exists an equivalence of star-products
such that if (T k ) is a the Toeplitz operator with contravariant symbol l f l , then the total symbol of (T k ) as a Fourier integral operator is E( l f l ).
The same result holds for the Toeplitz operators of M . In the following we use the notations ∆, t ∆ and F corresponding to ∆ r , t κ ∆r and F r on M . 
. P is the level set µ −1 (λ) and p is the projection P → M r .
Let Λ be the moment Lagrangian Λ = {(l θ .x, x); x ∈ P and θ ∈ T d } introduced by Weinstein in [25] . Λ is a Lagrangian manifold of
x and z = 0 This is a flat section with constant norm equal to 1. 
We will deduce the following result from the fact that the algebra T λ is isomorphic to the algebra T r of Toeplitz operators of M r (theorems 4.24 and 4.25).
Theorem 5.5. F λ is the algebra T λ of λ-Toeplitz operators.
A similar characterization was given by Guillemin-Sternberg for pseudodifferential operators in [14] . Their proof starts from the fact that Π λ,k is a Fourier integral operator of F λ . If T k is a Toeplitz operator of M , then the symbolic calculus of Fourier integral operators implies that Π λ,k T k Π λ,k belongs to F λ . This follows essentially from the composition of canonical relations
In the same way, we can show that F λ is a * -algebra (cf. theorem 4.5), define the principal symbol and prove theorem 18. The corresponding compositions of canonical relations are
The difficulty of this approach is that it uses the properties of composition of the Fourier integral operators. In addition, the composition of Λ with itself is not transverse. But it has the advantage to be more general and can be transposed in other contexts.
The Guillemin-Sternberg isomorphism and its unitarization. Let Θ be the Lagrangian submanifold of
x and z = 0. It is flat with constant norm equal to 1.
Definition 5.6. F λ,r is the space of Fourier integral operators
Theorem 5.7. The Guillemin-Sternberg isomorphism V k and the unitary operator
This result is coherent with the fact that U k induces an isomorphism between the algebra of the λ-Toeplitz operators and the algebra of the Toeplitz operators of M r . Indeed, observe that
which corresponds to the equalities
where T k is a λ-Toeplitz operator and S k the reduced Toeplitz operator.
To prove theorems 5.5 and 5.7, we first explain how the spaces F λ,r , F λ , F r of Fourier integral operators are related by the Guillemin-Sternberg isomorphism. Then we deduce theorems 5.5 and 5.7 from theorem 4.24.
5.5.
The relations between F λ , F λ,r and F r . Since we consider Fourier integral operators which are equivariant, we need an equivariant version of theorem 5. 
. Its kernel is of the form (26) on a neighborhood of Γ. Hence,
for every (x 1 , x 2 ) ∈ Γ. It follows that the total symbol is G-invariant. Conversely, if the total symbol is G-invariant, we can define a G-invariant kernel of the form (26) with a G-invariant neighborhood U , a G-invariant section E κ Γ and a G-invariant sequence f (., k). The operator obtained T ′ k does not necessarily satisfy Π
and has the required symbol.
Corollary 5.9. There is a natural identification between total symbols of operators of F λ (resp. F λ,r ) and formal series of
Proof. By theorem 5.8, the total symbols of the operators of F λ are the formal series of
invariant with respect to the action of
The proof is the same for the total symbols of the operators of F λ,r .
Theorem 5.10. The following maps
are well-defined and bijective. Furthermore, if T k ∈ F λ , the total symbols of V k T k , V k T k V * k and T k are the same with the identifications of corollary 5.9.
Proof. These properties follows immediately from the definition of the Fourier integral operators. Indeed consider two operators
Extend them to the space of L 2 sections in such a way that they vanish on the orthogonal of H λ,k . Then S k = V k T k or equivalently T k = W k S k if and only if the kernels of T k and S k satisfy
This follows from the definition of V k (cf. definition 3.7). Furthermore by proposition 4.9, the kernel of T k vanishes over P c C × M . So we may recover the kernel of T k from the kernel of S k and conversely. Using this we can directly check that T k ∈ F λ if and only if S k ∈ F λ,r .
To do this observe that the data which define the operators of F λ and F λ,r are related in the following way:
Using that p C : P C → M r is a holomorphic map, it comes that
That T k → V k T k is well defined, bijective and preserves the total symbols follows easily.
For the second map, we can proceed in a similar way. Let S k be such that Π r,k S k Π r,k = S k . Then computing successively the Schwartz kernels of
where the function ϕ has been defined in proposition 4.8.
5.6. Proofs of theorems 5.5 and 5.7. Recall that by theorem 4.24, there is a bijection from T λ onto T r
Furthermore, we know that T r = F r by theorem 5.3. In theorem 5.10, we proved that the map
is a bijection. Let us deduce that
Since the product of Toeplitz operators is a Toeplitz operator, Let us prove theorem 5.7. By theorem 5.5, Π λ,k belongs to F λ . So theorem 5.10 implies that V k = V k Π λ,k belongs to F λ,r . Let us consider now U k . We have
As we saw in the proof of theorem 4.25, (W *
And theorem 5.10 implies that U k belongs to F λ,r .
Toeplitz operators on orbifold
In this part, we prove the basic results about the Toeplitz operators on the orbifold M r . We describe their kernels as Fourier integral operators associated to the diagonal, prove that the set of Toeplitz operators is an algebra and describe the associated symbolic calculus. Finally we compute the asymptotic of the density of states of a Toeplitz operator. 6.1. Schwartz kernel on orbifold. Let us introduce some notations and state some basic facts about kernels of operators on orbifolds. Let X be a reduced orbifold with a vector bundle E → X. So every chart (|U |, U, G, π U ) of X is endowed with a G-bundle E U → U . G acts effectively on U . If g ∈ G, we denote by a g : U → U its action on U and by A g : E U → E U its lift. If s is a section of E → X, we denote by s U the corresponding invariant section of E U .
As in the manifold case, we can define the dual bundle of E, the tensor product of two bundles over X, the orbifold X 2 and the bundle E ⊠ E * → X 2 . Let δ be a volume form of X. Then every section T of E ⊠ E * defines an operator T in the following way. Consider two charts (|U |, U, G, π U ) and (|V |,
Assume that E is Hermitian and define the scalar product of sections of E by using δ. If T is an operator which acts on C ∞ (X, E), vanishing over the orthogonal of a finite dimensional subspace of C ∞ (X, E), it is easily proved that T has a Schwartz kernel T . It is unique. Furthermore, if E has rank one, the trace of T is given by
where ∆ : X → X 2 is the diagonal map. Since ∆ is a good map (in the sense of [8] ), the pull-back ∆ * (E ⊠E * ) is well-defined. It is naturally isomorphic to E ⊗E * → X. So ∆ * T is a section of E ⊗ E * ≃ C. Finally the previous integral is defined with the orbifold convention: if (|U |, U, G, π U ) is a chart of X and ∆ * T has support in |U |, it is given by 1
Note also that it is false that every section of E ⊗ E * is the pull-back by ∆ of a section of E ⊠ E * . For instance when E is a line bundle, E ⊗ E * ≃ C has nowhere vanishing sections, whereas it may happen that every section of E ⊠ E * vanishes at some point (x, x) of the diagonal. This explains some complications in the description of the kernels of Toeplitz operators.
6.2. The algebra F r . Recall that (M r , ω r ) is a compact Kähler reduced orbifold with a prequantum bundle L κ r → M r whose curvature is −iκω r . Let us consider a family (T k ) k of operators, with Schwartz kernels
, 3κ, ... As in the manifold case (cf. section 5.2), the definition of the operators of F r consists in two parts. The first assumption is
The description of T k on a neighborhood of the diagonal doesn't generalize directly from the manifold case, because the definition of the section E κ ∆r doesn't make sense. Fortunately we can keep the same ansatz on the orbifold charts. If (|U |, U, G, π U ) is an orbifold chart of M r , we assume that:
r,U invariant with respect to the diagonal action of G and of the form
on a neighborhood of the diagonal ∆ U , where E κ ∆U and f (., k) satisfy the assumptions (26. i) and (26. ii) with (Γ, t
Observe that we can use T ′ k,U instead of T k,UU to compute (T k Ψ) U when Ψ has compact support in U :
This follows from (31) and the fact that Ψ U is G-invariant and T ′ k,U is invariant with respect to the diagonal action. This theorem will be proved in section 7. Let us deduce from it the properties of F r . First we define the total symbol map
which sends T k into the formal series l g l such that
for every x which belongs to the principal stratum of M r . Proposition 6.5. σ is well-defined and onto. Furthermore σ(T k ) = 0 if and only if T k is smoothing in the sense of section 5.1.1, i.e. its kernel is O ∞ (k −∞ ).
Proof. First let us prove that σ is well-defined. By (31),
This proves the existence of the asymptotic expansion (33) and that the g l extend to C ∞ functions on M r . Furthermore, since the principal stratum is dense in M r , these functions are uniquely determined by the kernel T k . If T k is smoothing, they vanish. Conversely, if the functions g l vanish, T ′ k,U is O ∞ (k −∞ ) and the same holds for T k,UU . So the kernel of σ consists of the
Let us prove that σ is onto. Let l g l be a formal series of
. First we construct a Schwartz kernel T k satisfying assumptions 6.1, 6.2 and (33). To do this, we introduce on every orbifold chart a kernel T ′ k,U of the form (30) where the functions f (., k) are such that
with the g l,U ∈ C ∞ (U ) corresponding to the g l . The existence of T ′ k,U is a consequence of the Borel lemma as in the manifold case. Furthermore since the functions g l,U are G-invariant and the diagonal action of G preserves ∆ U and t κ ∆U , we can obtain a G-invariant section T ′ k,U . Then we piece together the T k,UU by using a partition of unity subordinate to a cover of M r by orbifold charts. To do this, we have to check that two kernels T k,U1U1 and T k,U2U2 on two orbifold charts
Recall that the compatibility between orbifold charts is expressed by using orbifold charts (|U |, U, G, π U ) which embed into (|U i |, U i , G i , π Ui ). Denote by ρ i : G → G i the injective group homomorphism and by j i : U → U i the ρ i -equivariant embeddings. We have
We have to prove that
Both of the previous equation lead to (35) by using that the map j i are ρ i -equivariant.
The section T k obtained is the Schwartz kernel of an operator T k . We don't have necessarily
modulo an operator whose kernel is O ∞ (k −∞ ). So we replace T k with Π k T k Π k . The proof of (36) is a consequence of theorem 6.4 and is similar to the manifold case. Actually, if two operators R k and S k satisfy assumptions 6.1 and 6.2, the kernel T k of their product is given on a orbifold chart by
This follows from equation (32). Theorem 6.6. F r is a * -algebra and the induced product of total symbols is a star-product of
. Every operator of F r is of the form
where f (., k) is a symbol of S(M r ) and conversely. The map
which sends the formal series l f l corresponding to the multiplicator f (., k) into the total symbol of the operator (38), is well defined. It is an equivalence of starproducts.
Proof. As we have seen in the previous proof, the composition of kernels of operators of F r corresponds in a orbifold chart to a composition on a manifold (cf. equation (37)). So the proof in the manifold case [6] extends directly. Let us recall the main steps. We first prove that F r is a * -algebra and compute the product of the total symbols by applying the stationary phase lemma to the composition of the kernels. In the same way, we can compute the kernel of the operator (38), since Π r,k belongs to F r by theorem 6.4. As a result of the computation, this operator belongs to F r and we obtain that the map E is an equivalence of star-product. From this we deduce that conversely every operator of F r is of the form (38).
6.3. Spectral density of a Toeplitz operator. Let T k be a self-adjoint Toeplitz operator over M r . Denote by d k the dimension of H r,k and by E 1 E 2 ... E d k the eigenvalues of T k . The spectral density of T k is the measure of R
Let f be a C ∞ function on R. We will estimate µ T k , f . The first step is to compute the operator f (T k ).
The proof is similar to the manifold case (cf. proposition 12 of [6] ). Now we have
By the previous theorem, it suffices to estimate the trace of a Toeplitz operator. Recall that
Let us begin with the computation in a orbifold chart (|U |, U, G, π U ). Let η be a C ∞ function of M r whose support is included in |U |. It follows from assumption 6.2 that
Let U g be the fixed point set of g,
Assume that U g is connected. Then U g is Kähler submanifold of U . Denote by d(g) its complex codimension.
Let y ∈ U g . a g : U → U induces a linear transformation on the normal space N y = T y U/T y U g . It is a unitary map with eigenvalues
on the unit circle and not equal to 1. Furthermore, A g acts on the fiber of L κ r,U at y by multiplication by c κ (g), where c(g) is on the unit circle. Since U g is connected, the complex numbers b i (g) and c(g) do not depend on y.
Lemma 6.8. The integral I(g, U ) admits an asymptotic expansion
The first coefficient is given by
where f 0 is the principal symbol of T k and δ U g is the Liouville measure of U g .
we can restrict the integral over a neighborhood of U g . Let y ∈ U g . Let (w i ) be a system of complex coordinates of U centered at y. Since g is of finite order, we can linearize the action of a g . So we can assume that
To simplify the notations we denoted by d, b i the numbers d(g), b i (g). In the same way, we can choose a local holomorphic section s 
Consequently the integral I(g, U ) is equal to k 2π
where φ g (x) = H r (x)−H r (a g .x, x). We estimate it by applying the stationary phase lemma. φ g vanishes along U g . Using that a * g H r = H r , we obtain for i, j = 1, ..., d,
Denote by H i,j the second derivative ∂ wi ∂w j H r . Then
..,nr |dw 1 dw 1 ...dw nr dw nr | which leads to the result.
The next step is to patch together these local contributions. This involves a family of orbifolds associated to M r which appears also in the Riemann-Roch theorem or in the definition of orbifold cohomology groups (cf. the associated orbifold of [19] , the twisted sectors of [8] , the inertia orbifold of [20] ). The description of these orbifolds in the general case is rather complicated. Here, M r is the quotient of P by a torus action, which simplifies the exposition (cf. the appendix of [15] ).
Consider the following set
To each connected component C ofP is associated a element g of T d and a support C ⊂ P such that C =C × {g}.C is a closed submanifold of P invariant with respect to the action of T d . The quotient
is a compact orbifold, which embeds into M r . Since T d doesn't necessarily act effectively onC, F is not in general a reduced orbifold. Denote by m(F ) its multiplicity.
Let (x, g) ∈ C and denote by G the isotropy group of x. Let U ⊂ P be a slice at x of the T d -action. Let |U | = p(U ) and π U be the projection U → |U |. Then (|U |, U, G, π U ) is an orbifold chart of M r . Introduce as in (39) the subset U g of U and assume it is connected. Then
) is an orbifold chart of F . So I 0 (g, U ) in lemma 6.8 is given by an integral over F . Furthermore, since F is connected, there exists complex numbers
on the unit circle corresponding to the numbers defined locally, with d(F ) the codimension of F in M r . Observe also that F inherits a Kähler structure.
Denote by F the set Theorem 6.9. Let T k be a self-adjoint Toeplitz operator on M r with principal symbol g 0 . Let f be a C ∞ function on R. Then µ T k , f admits an asymptotic expansion of the form
where the coefficients I l (F, g) are complex numbers. Furthermore
Remark 6.10. Each orbifold F ∈ F is the closure of a strata of M r (cf. appendix of [15] ). For instance, M r itself belongs to F and is the closure of the principal stratum of M r . Note that T d Mr = {0} and that the other suborbifolds of F have a positive codimension. So at first order,
Remark 6.11. Riemann-Roch-Kawasaki theorem gives the dimension of H r,k in terms of characteristic forms, when k is sufficiently large:
For the definition of these forms, we refer to theorem 3.3 of [19] . Let us compare this with the estimate of Tr(Π k ) given by theorem 6.9. First, Ch(L k r , F, g) ∈ Ω(F ) is a twisted characteristic form associated to the pull-back of L k r by the embedding
where n F = n r − d(F ) and ω F is the symplectic form of F . D (N F , g ) is a twisted characteristic form associated to the normal bundle N F of the embedding
is the Todd form of F . Hence we recover the leading term I 0 (F, g) in theorem 6.9.
Remark 6.12. (harmonic oscillator). We can describe explicitly the various term of theorem 6.9 and deduce theorem 2.3. Denote by P the set of greatest common divisors of the families (p i ) i∈I where I runs over the subsets of {1, ..., n}. For every p ∈ P, define the subset I(p) of {1, ..., n}
Denote by M p the quotient of P ∩ C p by the S 1 -action. Then one can check the following facts: F = {M p ; p ∈ P}, the multiplicity of M p is p, its complex dimension is #I(p) − 1. Furthermore, we have In this section, we prove that the Szegö projector Π r,k of the orbifold M r is a Fourier integral operator, which is the content of theorem 6.4. In the manifold case this result is a consequence of a theorem of Boutet de Monvel and Sjöstrand on the kernel of the Szegö projector associated to the boundary of a strictly pseudoconvex domain [5] . We won't adapt the proof of Boutet de Monvel and Sjöstrand. Instead we will deduce this result from the same result for the Szegö projector of M , i.e. we will show that Π k ∈ F ⇒ Π r,k ∈ F r . First we define the algebra F λ , that we introduced in section 5 for a free torus action. Then following an idea of Guillemin and Sternberg (cf. appendix of [13] ), we prove that Π λ,k ∈ F λ . Then we relate the algebras F λ and F r as in theorem 5.10 and deduce theorem 6.4. To compare with section 5, the proof of theorem 5.5 was in reverse order, i.e. we showed that Π r,k ∈ F r ⇒ Π λ,k ∈ F λ .
We think that the ansatz we propose for the kernel of Π r,k is also valid for a general Kähler orbifold, not obtained by reduction. But here, it is easier and more natural to deduce this by reduction.
7.1. The algebra F λ . Since the T d -action is not necessarily free, we have to modify the definition of the algebra F λ . We consider M as an orbifold and give local ansatz in orbifold charts as we did with the Toeplitz operators in section 6.2.
Introduce as in remark 3.8 an orbifold chart (|U |, U, G, π U ) of M r with the associated orbifold chart (|V |, V, G, π V ) of P C . Denote by a g (resp. l θ ) the action of g ∈ G (resp. θ ∈ T d ) on V . These actions both lift to L The whole definition of an operator of F λ is the following.
Definition 7.2. F λ is the set of operators (T k ) with Schwartz kernel T k such that
on every compact set K ⊂ M 2 such that K ∩ Λ = ∅ • T k satisfies assumption 7.1 for every orbifold chart (|V |, V, G, π V ).
By adapting the proof of theorem 5.8, we define the symbol map. Proposition 7.3. There exists a map σ :
which is onto and whose kernel consists of smoothing operators.
The following theorem will be proved in the next subsection.
Theorem 7.4. Π λ,k is an elliptic operator of F λ .
Remark 7.5. Π λ,k is elliptic means that its principal symbol doesn't vanish. This implies that Π λ,k itself doesn't vanish when k is sufficiently large, so H λ,k is not reduced to (0) when k is large enough. This completes the proof of the GuilleminSternberg theorem 3.3 in the orbifold case.
In proposition 6.5, we defined the total symbol map σ : F r → C ∞ (M r ) [ [ ]] and prove that its kernel consists of smoothing operators, without using that Π r,k ∈ F r . We can now generalize theorem 5.10. Theorem 7.6. The map F λ → F r which sends T k into V k T k V * k is well-defined and bijective. Furthermore, the total symbols of T k ∈ F λ and V k T k V * k are the same.
The proof follows the same line as the proof of theorem 5.10. To every chart (|V |, V, G, π V ) of M is associated a chart (|U |, U, G, π U ). Assumption 7.1 corresponds to assumption 6.2.
As a corollary of this theorem, the total symbol map σ :
is onto. Furthermore it follows from the stationary phase lemma that F r is a * -algebra and the induced product * r on C ∞ (M r ) [ [ ]] is a star-product.
LetΠ r,k be an operator of F r whose total symbol is the unit of (C ∞ (M r ) [ [ ]], * r ).
Proof. Since W * k V * k = Π r,k and V * k W * k = Π λ,k , we have
By theorem 7.6, V k V * k = V k Π λ,k V * k belongs to F r since Π λ,k belongs to F λ . From the symbolic calculus of the operators of F r , it follows that
modulo an operator of F r whose total symbol vanishes. Applying again theorem 7.6, we obtain that
modulo an operator of F λ whose total symbol vanishes. The left-hand side is equal to W kΠr,k W * k V * k V k and the right-hand side to Π λ,k . This proves (7.7).
Denote by (V *
By theorem 7.6, W kΠr,k W * k belongs to F λ .
Proof. Since W kΠr,k W * k belongs to F λ , its kernel is O(k
We deduce from this that (V * k V k ) −1 ∈ F λ . We have
Consequently theorem 7.6 implies that Π r,k ∈ F r . 7.2. The projector Π λ,k . This section is devoted to the proof of theorem 7.4. We use that Π k ∈ F together with the following consequence of (16)
The only difficult point is to prove that Π λ,k satisfies assumption 7.1.
Introduce an orbifold chart (|V |, V, G, π V ) of M as in the previous section. Denote by Π λ,k,V V and Π k,V V the lifts of Π λ,k and Π k to V 2 . Then
We know that Π k ∈ F. So Π k,V satisfies assumption 6.2 for the orbifold M . Denote by Π ′ k,V an associated kernel such that
If we prove that Π ′ λ,k,V given by
. (43) satisfies (40), we are done. So the proof is locally reduced to the manifold case.
Let us relate the section E 
So we have
Assumption (26.i) determines only the Taylor expansion of E κ Γ along Γ. Hence, the functions φ ∆ and φ Λ are unique modulo a function which vanishes to any order along the associated Lagrangian manifold.
Recall that we introduced a function ϕ in proposition 4.8. Letφ(v, v) be a function such that such thatφ(v, v) = ϕ(v) and Zφ ≡ Z.φ ≡ 0 modulo O(|v − v| ∞ ) for every holomorphic vector field Z of V . HereZφ (resp. Z.φ) denote the derivative ofφ with respect to the vector field (Z, 0) of V 2 (resp. (0, Z)). We use the same notation in the following. Lemma 7.9. We can choose the functions φ Λ and φ ∆ in such a way that By reduction, U is endowed with a complex structure (cf. section 3.2). Introduce a functionH r (u, u) such thatH r (u, u) = H r (u) and 
